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B Associations

> What if | see...?
» observational data
» Tools: statistics, correlation

Pearl 2009
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m Interventions
» Questions: What if | do...? How?
» interventional data
» Tools: RCTs, DAGs, do-calculus

m Associations

> What if | see...?

» observational data

» Tools: statistics, correlation

Pearl 2009
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m Counterfactuals
» Questions: What if | had done...? Why?
» Generating process (SCM)
» Tools: Twin Networks, SWIGs, AMWN
m Interventions
» Questions: What if | do...? How?
» interventional data
» Tools: RCTs, DAGs, do-calculus
m Associations
> What if | see...?
» observational data
» Tools: statistics, correlation

Pearl 2009
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€c. &x. Em. &y

C:=¢c
X = fx(C, &)
M = fu(X, Em)

Y = fy(C,X, M, gy)
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€c. &x. Em. &y

C:=¢c
X=X
M := fu(X. &m)

Y = fy(C,X, M, gy)

m Interventions:
Pr(Y=y|do(X=x))

m Associations:
Pr(Y=y|X=X)
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€c. & Em. &y
C:=¢c ‘
X=x
M:= fu (X', Em)
Y =f(C,X.M,¢&y)

m Counterfactuals:
Pr(Y=y|do(X=x),do (M= mgyox_x)))
m Interventions:
Pr(Y=y|do(X=x))
m Associations:
Pr(Y=y|X=X)
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€c. &x. Em. &y

€c. &x. Em. &y
C:.=
=k Xy = i’c
X = fx(C. &) e
M = fu(X,
M= Fu(X. Em) fm(Xa, Em)

Y = fy(C, X, M, &) Y = fy(C, Xa, M, &y)

Counterfactuals:

Pr(Y=y|do(X=x),do(M=myyx_x)))
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°  EXAMPLES OF COUNTERFACTUALS

m Effect of the treatment on the treated:
E (Yaoxen) | X =1) —E (Ygo(x—0) | X =1)
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m Effect of the treatment on the treated:
E (Yaoxen) | X =1) —E (Ygo(x—0) | X =1)

m Individual effect: “Bob did not take the treatment and
died. Would he have lived had he taken the treatment?”
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JlPLesp  EXAMPLES OF COUNTERFACTUALS

m Effect of the treatment on the treated:
E (Yaoxen) | X =1) —E (Ygo(x—0) | X =1)

m Individual effect: “Bob did not take the treatment and
died. Would he have lived had he taken the treatment?”

m Natural Direct Effect
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THE NATURAL DIRECT EFFECT

Direct Effect: How will a
change in the exposure
(Hepatitis) modify the out-
come (Death) if the mediator
(Fibrosis) is kept constant?

Robins and Greenland 1992; Pearl 2001
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Direct Effect: How will a
change in the exposure
(Hepatitis) modify the out-
come (Death) if the mediator

@ (Fibrosis) is kept constant?

CDE(D,Ho—1,F =f) =E(D | do(H =1),do(F=f))
—E(D|do(H=0),do(F=f))

This is called the controlled direct effect.

Robins and Greenland 1992; Pearl 2001
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R'PLeﬁp THE NATURAL DIRECT EFFECT

Direct Effect: How will a
change in the exposure
(Hepatitis) modify the out-

come (Death) if the mediator
@ (Fibrosis) is kept constant?
CDE(D,Ho—1,F=f)=E(D|do(H=1),do(F =f))
—E(D|do(H=0),do(F=f))

This is called the controlled direct effect.
Problem: This definition depends on the value of f. Thus there
exists as many values of CDE as F has possible values.

Robins and Greenland 1992; Pearl 2001
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R'PLeﬁp THE NATURAL DIRECT EFFECT

Direct Effect: How will a
change in the exposure
(Hepatitis) modify the out-
come (Death) if the mediator
(Fibrosis) is kept constant?

What is the natural value for the mediator Fibrosis?

Robins and Greenland 1992; Pearl 2001
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R'PLeﬁp THE NATURAL DIRECT EFFECT

Direct Effect: How will a
change in the exposure
(Hepatitis) modify the out-
come (Death) if the mediator
(Fibrosis) is kept constant?

What is the natural value for the mediator Fibrosis?
The natural value for Fibrosis is the value it would have taken
had we not modified the exposure (Hepatitis)

Robins and Greenland 1992; Pearl 2001
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PPLGED THE NATURAL DIRECT EFFECT

Direct Effect: How will a
change in the exposure
(Hepatitis) modify the out-
come (Death) if the mediator
(Fibrosis) is kept constant?

What is the natural value for the mediator Fibrosis?
The natural value for Fibrosis is the value it would have taken
had we not modified the exposure (Hepatitis)

NDE(D, Ho 1, F) = E (D | do (H = 1), do (F = fus(r_o)))
—E (D ‘ do (H = O) ,do (F :fdo(H:O)))

Robins and Greenland 1992; Pearl 2001
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&Figip Toy EXAMPLE

€, &F. €p U (0,1)
H =&y

F:=HV&F
D:=(HVF)AEp @
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&'PL?EP_ ToYy EXAMPLE

observational Data:
Noise || Variables |

e
T
)
-
)
o
=
m

- O -~ 0 -~ 0 O O|C

-~ 2 o 500000
-~ 2 00 = 200
-~ 020 =0 =20
-~ o 2o o 0000
NN ol ©

E(D|H=1,F=0)-E(D|H=0,F=0)
=0—-0=0
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JlPLesp  Toy EXAMPLE

interventional Data:

| Noise | do(H=0,F=0) | do(H=1F=0)|
En | & | & ||H | F D HI|F D
o|lo|ol|olo 0 110 0
olo|1]o0o|o0 0 110 1
o|l1]lo]o]o 0 110 0
o|l1]1]olo 0 110 1
1100 o]o 0 110 0
1101 o]o 0 110 1
111]0|o]o 0 110 0
11111 o0]o 0 110 1
Controlled direct effect (CDE)
E(D|do(H=1,F=0))—E(D|do(H=0,F=0))
1 1
T2 T2

Counterfactual Reasoning

Examples of Counterfactuals
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JlPLesp  Toy EXAMPLE

Couterfactual Data;

| Noise || do(H=0,F=fiono)) | do(H=1,F=foo(t—o)) |
En | &F | Ep || H| F D H|F D
ololo|olo 0 110 0
olo|1|o|o 0 110 1
ol1]0/|0]n 0 1] 0
ol 1] 1|01 1 111 1
110]l0 0|0 0 110 0
1101 0ofo 0 110 1
1111001 0 111 0
1111101 1 111 1

Natural direct effect:

E(D|do(H=1F=fi(=0))) —E(D]do(H=0,F=fo=0)))

11T

2 4 4
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m One graph for the actual world

Balke and Pearl 1994
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JlPLesp  TwIN NETWORKS
m One graph for the actual world

m One graph for the counterfactual world
m Common noise variables

0, () e
—@—C

Balke and Pearl 1994
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JlPLesp  TwIN NETWORKS

m One graph for the actual world

m One graph for the counterfactual world

m Common noise variables

m Remove edges going in the intervened node (do (X = x))

0, () e
—@—C

Balke and Pearl 1994
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JlPLesp  TwIN NETWORKS

m One graph for the actual world

m One graph for the counterfactual world

m Common noise variables

m Remove edges going in the intervened node (do (X = x))

X e &x X=x

—@ )

Balke and Pearl 1994

Counterfactual Reasoning Twin Networks
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TWIN NETWORKS

What can Twin Networks be used for?
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ﬁ'F}eép TWIN NETWORKS

What can Twin Networks be used for?
SCM framework (Pearl)

m Assume the graph

m Backdoor criterion: C
blocks all backdoor
paths from X to Y.
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£ iPLeso - TWIN NETWORKS

What can Twin Networks be used for?
SCM framework (Pearl)

m Assume the graph

m Backdoor criterion: C
blocks all backdoor
paths from X to Y.

Potential Outcome framework (Robins)
m Assume conditional exchangeability
Ydox)LpX | C

Average Treatment Effect:

Y (E(YIX=1C=c)—E(Y|X=0,C=c))Pr(C=0)

C
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JlPLesp  TwIN NETWORKS

Conditional Exchangeability: Yqo(x)lLgX | C?

Counterfactual Reasoning Twin Networks 1/ 28



JlPLesp  TwIN NETWORKS: AN EXAMPLE OF NON-COMPLETENESS

H C
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£liPleso TwIN NETWORKS: AN EXAMPLE OF NON-COMPLETENESS

H C

Does C verify the backdoor
criterion for X,Y?
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sk 24 TWIN NETWORKS: AN EXAMPLE OF NON-COMPLETENESS

Does C verify the backdoor
criterion for X,Y?

YaoydaX | €7
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Yao)LaX | C?
No!

Counterfactual Reasoning

sk 24 TWIN NETWORKS: AN EXAMPLE OF NON-COMPLETENESS

Does C verify the backdoor
criterion for X,Y?
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JlPLesp  TwIN NETWORKS: AN EXAMPLE OF NON-COMPLETENESS

H

YaoydaX | €7
No! Ydo(X)J-l—dX
C. Caox)

Counterfactual Reasoning

C

Does C verify the backdoor
criterion for X,Y?
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JlPLesp  TwIN NETWORKS: AN EXAMPLE OF NON-COMPLETENESS

H

Yaox)LLaX |

c?

No! Ydo(X)J-l—dX

C, Cdo(X)?

Counterfactual Reasoning

Yes!

C

Does C verify the backdoor
criterion for X,Y?
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SWIGs

m One graph for both worlds

Richardson and Robins 2013
Counterfactual Reasoning Single World Intervention Graphs (SWIGs) 13/ 28



AliPLesp  SWIGS
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fSiPlesp  SWIGS

m One graph for both worlds
m Divide the intervened nodes (do (X = x))
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P SWIGS

m One graph for both worlds
m Divide the intervened nodes (do (X = x))
m Notice the edges
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P SWIGS

m One graph for both worlds

m Divide the intervened nodes (do (X = x))

m Notice the edges

m Relabel nodes descendant of interventions

Richardson and Robins 2013
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e SWIGs

m One graph for both worlds

m Divide the intervened nodes (do (X = x))

m Notice the edges

m Relabel nodes descendant of interventions

(&
o)

Richardson and Robins 2013
Counterfactual Reasoning Single World Intervention Graphs (SWIGs)
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fiPlesp  SWIGS

B

Counterfactual Reasoning Smgte World Intervention Graphs (SWIGs) 14 [ 28

Yaop)LaX | C?



LliPLlesp  DO-CALCULUS

The do-calculus is sound
(and complete for interventional queries)

Rule 1 Pr(y | do(x),z,w) =Pr(y|do(x),w)

if (YAL4Z | X,W)gy
Rule2 Pr(y|do(x,z),w)=Pr(y|do((x)), z,w)

if (YALgZ [ X, W)g
Rule 3 Pr(y|do(x,z),w) =Pr(y|do(x),w)

if (YA gZ | X, W)

Pearl 1995

Counterfactual Reasoning Single World Intervention Graphs (SWIGs)

Iszwy
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THE BACKDOOR: AN APPLICATION OF THE DO-CALCULUS

ATE:E(Y | do (X = x1)) —E(Y | do (X = Xo))
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JlPLesp  THE BACKDOOR: AN APPLICATION OF THE DO-CALCULUS

ATE:E(Y | do (X = x1)) —E(Y | do (X = Xo))

Pr(Y | do (X))
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JlPLesp  THE BACKDOOR: AN APPLICATION OF THE DO-CALCULUS

ATE:E(Y | do (X =x41)) —E(Y | do (X = X))

Pr(Y | do (X ZPrY|do =¢)Pr(C=c|do(X))

(Rule 2) :ZPr Y|X,C=c)Pr(C=c|do(X))
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JlPLesp  THE BACKDOOR: AN APPLICATION OF THE DO-CALCULUS

ATE:E(Y | do (X =x41)) —E(Y | do (X = X))

Pr(Y | do (X ZPrY|do =¢)Pr(C=c|do(X))
(Rule 2) :ZPr Y|X,C=c)Pr(C=c|do(X))

(Rule 3) = ZPr Y|X,C=c)Pr(C=c)
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SliPlesp  PO-CALCULUS
Rule 1 Pr (Yao(x) | Zgot)» Wao(x)) = Pr (Yaorx) | Waogo)

if (Ydo(x)iLdZdo(x) | WdO(X))gdo(x)
Rule 2 Pr (YdO(X,Z) | WdO(X,Z)) = Pr (YdO(X) | Zdo(X): WdO(X))

it (Yao(2)dLdZdo(x.2) |Wd°(xrz))gdo<x,z>
Rule 3 Pr (Ydo(x,z) | WdO(X,Z)) = Pr (Ydo(x) ’ WdO(X))

if (YdO(X,Z1)' Wdo(x,z1)J-|—dzl) Gdo(x.2:)

and (YdO(X,Z1)leZdO(X,Z1) |Wdo(x,z1))gdo(“1)

where Z; = Z\ An (W, Gyo()) and Zo = ZNAn (W, Gyox))

Malinsky, Shpitser, and Richardson 2019

Counterfactual Reasoning Single World Intervention Graphs (SWIGs)
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THE BACKDOOR: AN APPLICATION OF THE PO-CALCULUS

ATE: E (Ydo(X:x1)) -E (YdO(X:XO))
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JlPLlesp  THE BACKDOOR: AN APPLICATION OF THE PO-CALCULUS

ATE: E (Ydo(X:x1)) -E (YdO(X:XO))

Pr (Yaopy) = > Pr(Yaow) | Caox) = €) Pr (Caop) = ©)
(o}
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pp';_?ﬁg THE BACKDOOR: AN APPLICATION OF THE PO-CALCULUS

ATE: E (YdO(X:X1)) —-E (YdO(X:XO))

Pr (Yaop) = D Pr (Yaogn | Caoxy =€) Pr (Caopr) = ©)
C

(Rule 2) = Z Pr(Y | X,C=c)Pr(Csox) = ©)
C
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JliPleso  THE BACKDOOR: AN APPLICATION OF THE PO-CALCULUS

ATE: E (YdO(X:X1)) —-E (YdO(X:XO))

Pr (Yaow)) = D Pr (Yao) | Caotxy = €) Pr (Caogry = €)
C
(Rule 2) = S"Pr(Y [ X,C =€) Pr (Caopr) = ©)
C

(Rule 3) => Pr(Y[X,C=c)Pr(C=c)
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P LIMITATION OF SWIGS

SWIGs: Single World Interventional Graphs
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SlPLesp [ IMITATION OF SWIGS

SWIGs: Single World Interventional Graphs

What is the effect of in the population that would die if they do
not take it?

E (Ydo(X=1) | Ydo(X:O) = O)
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SliPlesp  LIMITATION OF SWIGS

SWIGs: Single World Interventional Graphs

What is the effect of in the population that would die if they do
not take it?

E (Ydo(X=1) | Ydo(X:O) = O)

NDE(D, Ho—1, F)
=E(D|do(H=1F=fyot-0)))
—E(D|do(H=0,F=fyo(H-0)))

Counterfactual Reasoning Single World Intervention Graphs (SWIGs) 19 /28
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JliPLesp  ANCESTOR OF A COUNTERFACTUAL VARIABLE

D=0

An(Ydo(x)) = {Wao(z) |
W e An (Y,Gg) \ X,
z=xnNAn (W, Gg)}

(=)

Correa, Lee, and Bareinboim 2021
Counterfactual Reasoning Ancestral Multi World Network (AMWN)
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D=0

An(Ydo(x)) = {Wao(z) |
W e An (Y,Gg) \ X,
z=xnNAn (W, Gg)}

(=)

An(Ydox, %)) 7

’ Gx1 Xa

Correa, Lee, and Bareinboim 2021
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JliPLesp  ANCESTOR OF A COUNTERFACTUAL VARIABLE

O On0

An(Ydo(x)) = {Wao(z) |
W e An (Y,Gg) \ X,
z=xnNAn (W, Gg)}

On0)

’ Gx1 Xa

N(Ydo(x, x,))?

Correa, Lee, and Bareinboim 2021
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JliPLesp  ANCESTOR OF A COUNTERFACTUAL VARIABLE

O
An(Ygox)) = {Wao(z) |

W e An (Y,Gg) \ X,
z=xnNAn (W, Gg)}

(=)

An(Ydox, %)) 7
Gy, -An Y,Gm)\{x1,x2}

Correa, Lee, and Bareinboim 2021
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20/ 28



JliPLlesp  ANCESTOR OF A COUNTERFACTUAL VARIABLE

O O

An(Ydo(x)) = {Wao(z) |
W e An (Y, Gg) \ X,
z=xnNAn (W,Gg)}

An(YdO(X1X2
Gz A (Y.Gxg) \ DX )
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O O

An(Ydo(x)) = {Wao(z) |
W € An (Y, Gg) \ X,
z=xnNAn (W,Gg)}

An(YdO(X1 X2
Grx, AN Y X \{X1 X} {X1'X2}mAn (W’ GH)
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JliPLesp  ANCESTOR OF A COUNTERFACTUAL VARIABLE

An(Ygox)) = {Wao(z) |
W € An (Y, Gg) \ X,
z=xnNAn (W, Gg)}

&
)

An(YdO(X1,X2))?
Gy, -An (Y. Gm) VX Xob - {x1, %} NAn (W' Gm)

Correa, Lee, and Bareinboim 2021
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SliPlesp  AMWN

For a query on counterfactual variables:
m Add all ancestors of the counterfactual variables
m Add edges witnessing the ancestrality
m Add the hidden variables
m Add hidden confounders between same variables

Correa and Bareinboim 2025
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e AMWN

For a query on counterfactual variables:
m Add all ancestors of the counterfactual variables
m Add edges witnessing the ancestrality
m Add the hidden variables
m Add hidden confounders between same variables

Correa and Bareinboim 2025
Counterfactual Reasoning Ancestral Multi World Network (AMWN)

21/ 28



AliPLleso - AMWN

For a query on counterfactual variables:
m Add all ancestors of the counterfactual variables
m Add edges witnessing the ancestrality
m Add the hidden variables
m Add hidden confounders between same variables

Yaox)-LaX2 | Waox,): Wao(x %)

Correa and Bareinboim 2025
Counterfactual Reasoning Ancestral Multi World Network (AMWN) 21/ 28




AliPLleso - AMWN

For a query on counterfactual variables:
m Add all ancestors of the counterfactual variables
m Add edges witnessing the ancestrality
m Add the hidden variables
m Add hidden confounders between same variables

Yaox)-LaX2 | Waox,): Wao(x %)

Correa and Bareinboim 2025
Counterfactual Reasoning Ancestral Multi World Network (AMWN) 21/ 28




AliPLleso - AMWN

For a query on counterfactual variables:
m Add all ancestors of the counterfactual variables
m Add edges witnessing the ancestrality
m Add the hidden variables
m Add hidden confounders between same variables

Yaox)-LaX2 | Waox,): Wao(x %)

Correa and Bareinboim 2025
Counterfactual Reasoning Ancestral Multi World Network (AMWN) 21/ 28




AliPLleso - AMWN

For a query on counterfactual variables:
m Add all ancestors of the counterfactual variables
m Add edges witnessing the ancestrality
m Add the hidden variables
m Add hidden confounders betvveen same variables

‘_

Ydox)ALaXz | Waox,): Wdo(x, %)
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SliPLlesp  AMWN

For a query on counterfactual variables:
m Add all ancestors of the counterfactual variables
m Add edges witnessing the ancestrality
m Add the hidden variables
m Add hidden confounders between same variables

4 _______

—— =

Yaox)-LaX2 | Waox,): Wao(x %)

Correa and Bareinboim 2025
Counterfactual Reasoning Ancestral Multi World Network (AMWN) 21/ 28




JPLesp  COUNTERFACTUAL(CTF)-CALCULUS

The ctf-calculus is sound and complete for counterfactual
queries.

Rule 1 Pr(yr.x X1, Ws) = Pr(Yr,, X1,, Wy)
Rule 2 Pr(yr | X¢, i) = Pr(yr | wy)

it (YrdlgXt | W*)QA
Rule 3 Pr(Yxz, wy) = Pr(yz, wy)

ifXNAn(Y,G5) =0

Correa and Bareinboim 2025
Counterfactual Reasoning Ancestral Multi World Network (AMWN)

22/ 28



JPLesp  COUNTERFACTUAL(CTF)-CALCULUS

The ctf-calculus is sound and complete for counterfactual
queries.

Rule 1 Pr(yr.x, X1,, W) = Pr(Yr,, X7,, Wy)
Rule 2 Pr(yr | xt, wi) = Pr(yr | w.)
it (YrdlgXe | W)g,
Rule 3 Pr(Yxz, W) = Pr(yz, wy)
ifXNAn(Y,G5) =0
It transforms counterfactual queries into interventional
queries. You might still need to use the do-calculus aftewards

to transform the interventional queries into observational
queries.
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JlPLesp  THE NATURAL DIRECT EFFECT

NDE(D, Ho 1, F)
=E(D|do(H=1F=fyon=0)))
—E(D|do(H=0,F=fyo(H-0)))
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JlPLesp  THE NATURAL DIRECT EFFECT

NDE(D, Ho 1, F)
=E(D|do(H=1F=fyon=0)))
—E(D|do(H=0,F=fyo(H-0)))

How do you identify
Pr(D|do(H=1F=fio=0))) = Pr(dpg,)?
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SP CTF-CALCULUS: EXAMPLE OF CALCULATIONS

Pr (dh’F,,)
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JliPLesp  CTF-CALCULUS: EXAMPLE OF CALCULATIONS

dh’F,, ZPF dh’F,,

= Z Pr (dws. fn)
f

Counterfactual Reasoning Ancestral Multi World Network (AMWN) 24 [ 28



JliPLesp  CTF-CALCULUS: EXAMPLE OF CALCULATIONS

r (dir,) ZPF dwr,. f
= Z Pr dh/f,fh
f
= Pr(dus | fa) Pr(fn)
f
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JliPLesp  CTF-CALCULUS: EXAMPLE OF CALCULATIONS

dh’F,, ZPF dh’F,,

= Z Pr (duy. fn) @

= Z Pr (dws | fn) Pr(fn)

ZPr dus | fu) Pr (fa)

(DrgdLgFn, Fp)g,
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R'PLesp CTF-CALCULUS: EXAMPLE OF CALCULATIONS

dh’F,, ZPF dh’F,,

= ZPI’ dh/f,fh @
f

= Z Pr (dps | fn) Pr(fn) /!
f
R2) = Pr(dys | fw) Pr(fn) ¥

(

" ()
R2) = " Pr(dys | fwh') Pr(fn)

f

(DrgdlgH | Fiv) g,
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JliPLesp  CTF-CALCULUS: EXAMPLE OF CALCULATIONS

r (dr,) Z Pr (dnr,. f
= ; Pr (duy. fn)
= Ef) Pr (dwy | fi) Pr (fn)
R2) = ; Pr (dns | f) Pr (fa)
R2) = ij Pr (diy | fwh') Pr (f)

= 3" Pr(dus | £, 1) Pr (i)
f
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R'F’Lesp CTF-CALCULUS: EXAMPLE OF CALCULATIONS

r (dr,) Z Pr (dnr,. f
= ; Pr (dny. fn)
= Ef) Pr (dwy | fi) Pr (fn)
R2) = ; Pr (dwy | fir) Pr (f)
R2) = ij Pr (dus | fiuh') Pr (fi)
= Zf: Pr (dws | f. 1) Pr (fn)

R1) = Pr(d|f h')Pr(fa)
f
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SliPLeso  CONCLUSION

! i
Counterfactual Reasoning

No assumptions

m Counterfactuals

» Generating process
m Interventions

» interventional data
m Associations
» observational data

Conclusion

Assumptions: DAG

ctf-calculus

do-calculus
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